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Abstract 

We study the existence of positive radially symmetric solution for the singular p- 
Laplacian Dirichlet problem, — Ap u = A|u|P~^ii — 7u~" where A > 0,7 > and, 
< a < 1, are parameters and the domain of the equation, is a ball in M^. By 
using some variational methods we show that, if A is contained in some interval, then 
the problem has a radially symmetric positive solution on the ball. Moreover, we obtain 
a nonexistence result, whenever A < 0, 7 < and $7 is a bounded domain, with smooth 
boundary. 
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1 Introduction 



In this paper we study the singular p-Laplacian Dirichlet problem 

— Ar, M = \\u\P~'^u — q(u) in Q, 

P II yv ; , ^^^^^ 

u = on dVl, 

where f2 is a ball with center in M^, N > 2 and g : (0, oo) — > (0, oo) is a function satisfying 
g{r) — > oo as r 0. 

Indeed, we obtain existence and nonexistence results under some assumptions on N,p,g,X 
and Q. Chen in [1, , in the case p = 2 and gi^r) = for r > and Q = {x E M.^ : |x| < R}, 
by using the shooting method obtained the following results: 

• There are real numbers Ri > R2 > such that the problem Hl.l]) has a radially sym- 
metric, positive solution if Ri > R > R2- Besides, if u is a radially symmetric, positive 
solution for the problem in the case of R = Ri, then ^ = on dO,, where ^ is the 
outward normal derivative. 

In order to show the existence of solutions, we use the variational methods by considering 
the following functional: 

F{u) = - [ \s7u\Pdx-- [ \u\Pdx+ [ [ ^\{T)dtdx,ueW^'P{n), (1.2) 
P Jq P Jn Jn Jo 

associated with the problem. Since this functional is not even Gateaux differentiable, we 
cannot use the deformation argument. Neither can we use the strong maximum principle 
because of the property of the nonlinear term g. Here, we will show that if m is a function 
which is a minimax value of F, then u is a radially symmetric, positive solution of the 
problem. 

For the nonexistence result we use the Pohozaev identity which is introduced in ^1 and we 
show that if A < 0, we may have no positive solution in W'^'^^{Q) fl Wq'^^{Q), pi > N. In 
this case we assume that is a bounded domain and its boundary, dQ has the following 
property: 

There exists a unit normal vector v{x) = {vi{x), . . . , vn{x)) at every point x G dQ such that 

N 

J2 XiVi{x) > 0. 

i=l 

2 Existence Result 

In this section we prove the existence of radially symmetric positive solution for the problem 
(|l.ip in the following theorem. 
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Theorem 2.1. Let Q be a ball in with center 0,0<a<l,p>2 and N > 2. Suppose 
g is a c°^(0, oo) function with g{T) > and 

^i9{r)) < 0, (2.3) 

moreover 

miT-" < g{T) < mar"" (2.4) 
for some positive constants mi and m2 with > m2 > mi . If 

A- ^f'^'lT: . <^i<^- (2-5) 

pJMm2 — [JM — p)[l — a)mi 

where Ai is the first eigenvalue of the operator —Ap with homogenous Dirichlet boundary 
condition, then problem / li.i)) has a radically symmetric positive solution. 

In order to the proof this Theorem we need some prehminary lemmas. The following sets 
will be used in our proofs. 

U = {u & Wq'^{Q) : u is radially symmetric}, 

and 



W = {ueU : I I V u\^dx < \ I \u\^dx}. 
Jn J 



Note that for a function u G W, we may regard it as a one variable function u{r), where 
r = |x| with X ^ Q. Also note that W is not empty, since Ai < A and the eigenfunctions of 
— Ap with homogeneous Dirichlet boundary condition for Ai are radially symmetric. 
In the following Lemmas we assume that all of the conditions of Theorem 2.1 hold. Moreover, 
we assume that g is defined on M with g{0) = and g{t) = —g{~t) for t < 0. 



Lemma 2.2. Letu G W, then J^g{tu)-j^dx +oo ast ^ 0'^ , J^^^^dx — > ast ^ +oo 
and the function t ^ ^^^^^^ dx is strictly decreasing for t > 0. Especially, there exists a 
unique t > such that 

V tu\^dx + J g{tu)tudx ~ ^ J l^ul^dx, 



which is equivalent to F{tu) = max F{su) 

s>0 
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Proof. Prom (2.4), we have 

^^^-(p-i)-a f \u\i-adx< I g{tu)^dx <m2t-^~^^-'' I \u\^-'^dx, 
Jn Jn Jn 

for every t > 0. Thus we obtain 

g{tu)-—^dx — >• +00 as t — > 0"'', 



/ 

Jo. 



f u 

I qitu) — -dx — > as i — 00. 



From (2.3), we see that the function t J^g{tu)j^dx is strictly decreasing for t > 0. □ 
We define a subset V olW hj 

V ^ {ueW : / I V ul^dx + / g{u)udx = A / 
Jn JQ, Jn 

The previous lemma says that for every u e W, there exists a unique t > with tu e V. We 

will show that ii u & V , u > and F{u) = mmF{v) — minmaxF(si>) then w is a solution 

uev vew s>o 

for our problem. □ 

Lemma 2.3. There exists u &V such that F(u) — minF(v). 

Proof. Let {wn} be a sequence in V with F{un) i inf F{v). Notice that we may assume 

Un > 0. We set tn — {Jq I \/Un\^dx)p and Wn — Un/tn for every n & N. We may assume that 
{wn} converges weakly in V to some w &V and by Rellich theorem {wn} converges strongly 
to w in U'{Q). Moreover, by the Vitah convergence theorem \wn\'^''°'dx — > \w\^~°'dx. 
We may assume — > i > 0, indeed, if — > 0, then we have 

Jn Jn *n tn Jn 

moreover if i„ — > 00, then we must have 

F{un) = / ( / gir)dt - -g{un)un)dx 
Jn Jo P 

> (:; )t„ / \Wn\ +00. 

1 - a P Jn 

Thus a subsequence of {tn} converges to a positive number t, then we have, 

, / \w\Pdx. 
Jn 



, q{tw)w , 
1+ / '-^dx^X 
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Now, we will show \ v wl^dx — 1. Suppose not, then \ v wl^dx < 1. By Lemma 2.2, 
there is s e (0, t) such that sw e V. Prom (2.3) it follows that 

inf F(v) = lim F{un) = / ( / 9(T)dt - -g{tw)tw)dx 
= / / ((1 - -)9{r) - l/pg\T)T)dtdx 

> / / {l--)g{T)-l/pg'{T)rdtdx^F{sw), 
JnJo P 

which is a contradiction. Therefore | v wl^dx — 1, and hence {wn} converges strongly to 
w in V. This means that tw eV and F{tw) — inf F(v).n 

Now, we fix It e y with F{u) — minF(^;). Since \u\ e V and g is an odd function then 
F(u) — F{\u\). Hence, we may assume u>0. 

In this step, we show that it > in Q, which ensures existence of the Gateaux derivative of 
F at u in the direction of every v e C^{il) fl U. 



Lemma 2.4. If there is G Q — {0} such that u{xo) — then Ui = 0, or U2 = 0, where 

ui{x) = 



u{x) \x\ < \xo\, 
\x\ > \xo\ 



and 

U2{x) = 



|x| < l^ol, 
u{x) \x\ > \xo\- 



Proof. Suppose that the conclusion does not hold, i.e., there is Xq G — {0} such that 
u{xq) = 0, Ml ^ and U2 ^ 0. From the definition of the set V we may assume \ y 
Uil^dx + J^g{ui)uidx < A J \ui\Pdx. By Lemma 2.2, there is s G (0, 1] with sui G V. Then 
(2.3) and u ^ ui, implies that F{u) > F{sui), which is a contradiction. □ 

Lemma 2.5. There is no xq & ft — {0} such that u{x) — for every x & ft with \x\ > \xo\. 

Proof. Suppose that the conclusion does not hold. Notice that u is not an eigenfunction 
of —Ap with homogeneous Dirichlet boundary condition for Ai, thus | v '^1^ > Ai J \u\p. 
Let e be a positive real number and sufficiently small. For s G [1, 1 + e) we can define Us &W 
by Us{x) — u{x/s) for x e Q. We set 

if{t, s) = -(s^-P / I V u\Pdx - As^ / \u\Pdx) + / / g{T)TdT, 
P Jn Jo. Jn Jo 



and 



iP{t, s) = t^is^-P I I V u\Pdx - Xs^ I \u\Pdx) [ g{tu)tudx, 

Jn Jn Jn 

for every t,s >0. Notice that for i > and s E [1, 1 + e) we will have ip{t, s) — F{tUs) and 

\/ tUsl^dx — X / \tUs\Pdx + / g{tUs)tUsdx. 
Jn Jn 



From u & V and (2.3), we obtain 

^(1,1) =p{[ \^u\Pdx-X [ |«n+ / {g'iuy + ug{u))dx 
<Ji Jn Jn Jn 

= / g'{u)u^ + (1 - p)g{u)udx < 0. 
Jn 

Hence, the implicit function theorem implies that s) = defines a continuously differ- 
entiable function, t — t{s) with ip{t{s),s) — near s = 1. On the other hand (fi{l,l) — 
min{(/?(i(s), s) 1 < s < 1 + e}, therefore 

1 r XN r r r^""^ 

= -{N-p) I \ / \u\^dx + N / / g{T)dTdx 

< 



P, Jn , P Jn Jn Jo 

N — p Nm2 



\mi{l-a) pj Jn 



p mi\ 

p mi{l — a) Ai mi(l — a) p 



n 



Thus, we must have 

Xp{l — a)mi 



Ai < A 



pNm2 — {N — p){l — a)mi ' 
which contradicts (2.5). This completes the proof. □ 

Lemma 2.6. There is no xq & fl such that u{x) = for every x & Q, with \x\ < \xo\. 

Proof. Let Q = {x & : |a:| < Ri}. Suppose that the conclusion docs not hold. If M 
is the maximum value of u and i? is a point in (0, Ri) with u{R) = M. Then for s £ [0, e), 
where e is a sufficiently small positive real number, we can define Us E W hy 

u{r + s) 0<r<R-s, 
u,{r) = { M R-s<r <R, 

u{r) R<r <Ri. 



Now, we define 



^(t, s) =-{[ \u'\P(r - sf-^dr + f ' \u'\Pr''-^dr 
P J^s Jr 

is , , Jr 



fR ptu{r) r>N _ ( p> _ „\N ptM 

+ / / 9{r)dr{r - sf-'dr + / ^(r)dr 




's JO 

fRi i-tuir) 



+ / g{T)dTr^-^dr, 
Jr Jo 



and 



^jj(t, s) = tP{ I \u'\P{r - sf-^dr + [ ' \u'\Pr^-^dr 

-A [ lu^r - sf-'dr -^(R^-{R- sf 

J s 

"Ri rR 



g{tM)tM 
^ TV 

Notice that \S\ip{t,s) = F{tUs) and 



-A f ' \u\Pr^-^dr) + f g{tu)tu{r- - s)^'^dr 

R 

(i?^ -{R- sf) + / ' g{tu)tur^-^dr. 
Jr 



\S\ijj{t,s)= / \ \/ {tUs)\^dx — X / \tUs\-''dx + / g{tUs)tUsdx 
Jn Jn Jn 

for t > and s e [0, e), where \S\ is the measure of the surface of the unit sphere 5* in R^. 
From u E V , \ \/ ul^dx > Ai \u\Pdx and (2.4), we get 

A / \u\P = / \^u\Pdx+ / g{u)udx>Xi / H^dx + -^^^ / lufdx, 

which imphes A-Ai > • From ^(1, 0) < and 99(1, 0) = min{99(t(s)), s) : < s < e}, 

we obtain 



= -(-(AT -1) [ \u'\Pr''-''dr +iN- 1)A / \u\Pr'^-''dr - AM^i^^-^) 
P ./o Jo 

-{N-1) / g{r)drr''-^dr + R^-' g{r)dr 
Jo Jo ^ Jo 

< -{{N - 1)A / \u\Pr^-^dr - XM^R^-^) 
P Jo , 

g{r)drr^-^dr + i?^"^ / g{r)dr. 

Jo 



Since A — Ai > and H{t) — ^ g{p)dp is decreasing for r > 0, we have 

-(N-1) r|^|Pr^-2 + i?^-i 
^ ^ Jo 

pR pair) pM 

- XM^^~^^ - i i 9{r)dTr^~"dr + i?^"^ g{r)dr) 



<^%r^[ 9{t)dt{-{N-l) [ l^Jr'^-'dr + R''-'). 

Then, we obtain 



AMi-°mi Jo ~ AM(i-°)mi 1 - q; A(1 - a)mi ' 

or 

pXini2 

A > 



pm2 — (1 — Q;)mi 
On the other hand 

^ _ A(l - a)mi ^ ^ Ap(l - a)mi ^ ^ 

pm2 ~ pNm2 — {1 — a){N — p)mi ~ ^ 

Therefore 

pAi 777.2 



A < 



pm2 — (1 — Q;)mi ' 
which is a contradiction. This complete the proof. □ 

Corollary 2.7. For all x e fl, u{x) ^ 0. 

Proof. It is a direct consequence of Lemmas 2.4, 2.5 and 2.6. □ 
Now, we are ready to prove Theorem 2.1. 

Proof of Theorem 2.1. By Corollary 2.6 wc have m > on f2. Now, we will show that u 
is a weak solution of (1.1). In order to do this, we fix v e c^(f^) H U and define, 

ip{t,s) = —{ I I V + 'S'^)^'^^; - A / \u + sv\''dx) + 
P Jn Jn 

p pt{u{x)+sv(x)) 

I I g{t)dtdx, 
Jn Jo 

and 

ijj{t,s)^tP{ f \^{u + sv)\Pdx-X I \u + svYdx)+ 
Jn Jn 



I g{t{u + sv))t{u + sv)dx, 
n 



for t,s eM. Prom u e V and (2.3), we have -^(1,0) < 0. By implicit function theorem, 
ip{t, s) = defines a continuously differentiable function t — t{s) with s) = near s — 

0. Since for some e > 0, > e on the support of v, the function F is Gateaux differentiable 
at u in the direction v. This means that |^(1,0) exists. Since ip{l,0) — min{(p{t{s), s) : s 
sufficiently close to 0}, we have 

= ^(1, 0)^(0) + ^(1,0)= / \ ^u\P-''^u.^vdx-X [ \uf-\.vdx+ 
Ot ds OS Jq Jq 

g{u)vdx. 



If, 



Hence it is a weak solution of problem (1.1). □ 



3 Nonexistence result 

Let ft C be a bounded domain with the boundary dfl which has the following property: 
There exists a unit normal vector v{x) = {vi{x), . . .vn{x)) at every point x e dfl and 

N 

1=1 

for every x — (xi, . . . , xat) G dfl. Let us consider the boundary value problem 

-ApU = X\u\P-'^u + g{u) inn, ^^^^ 
u = on dfl 

Here, we will show that this problem does not have a positive solution in Wq'^^ (fl), (pi > N). 
In oroder to see this claim, let u e W^'^^(Q), (pi > A?") be a positive solution of this problem. 
By the Pohozaev identity introduced in [?], we must have 

N-p r \N f f r^""^ 

/ \ yu\Pdx / \u\Pdx-N / / g{t)dt = 

P Jn P Jn Jn Jo 

-(1 ) / I V ul^y^^XiVidx. 

P Jan ~l 



On the other hand 



\/ u\^dx — \ j \uY'dx+ j g(u)udx = 0. 
Q Jq Jn 



From the above two identities, we see that the following identity holds for every /3 G M, 

( - + / Ixyul'^dx- X{— + p) / \u\Pdx-N / / g{t)dt+ 

P Jn P Jn Jn Jo 

1 ^ 

P / g{u)udx = —{1 ) / I V y ^ XiVjds. 

Jn P Jan 



Hence 



.N -p 
■ p 



+ 13) I \\ju\'Pdx-\{— + l3) I |M|Prfx-(^^ + /?mi) 
JO Pin \ — a 

^ N (3.8) 



-)/ iv^E' 
p Jon tr 



"'dx <-{!--) / \\/ uV'y ^ XiVi{x)ds. 
n P 



Now, it follows from ()3.8p that the following inequalities 

N ~p 



P 



+ /9>0, (3.9) 



-A(— + /3)>0, (3.10) 

-(^ + /5mi)>0, (3.11) 
I — a 

cannot hold simultaneously with at least one strict inequality sign. Thus, we have the 
following nonexistence result. 

Theorem 3.1. Let N > 2, p > 1, {] < a < 1, nii > 0, m2 > be real numbers such that 
i!^. y\) . m^.lU\) and 0:^.11]} hold with at least one strict inequality sign. Then the boundary-value 
problem jj. 7\ ), has no positive solution in W'^''^'^{Q) fl Wq'^^{Q) forpi > N. 
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